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HOMOLOGICAL PERTURBATION THEORY AND MIRROR 

SYMMETRY 

JIAN ZHOU 



r^ ' Abstract. We explain how deformation theories of geometric objects such 

' as complex structures, Poisson structures and holomorphic bundle structures 

lead to differential Gerstenhaber or Poisson algebras. We use homological 
perturbation theory to obtain A^c algebra structures and some canonically 
defined deformations of such structures on the cohomology. We formulate 
the Aoo algebraic mirror symmetry as the identification of the Aoo algebras 
together with their canonical deformations constructed this way on different 
manifolds. 



1. Introduction 



We discuss in this paper some applications of methods from algebraic topology 
to mirror symmetry. String theorists are interested in two kinds of conformal field 
theories on any Calabi-Yau 3-fold: the A-type theories which do not depend on the 
\^ I complex structure on M but is sensitive to the deformation of Kahler structure M, 

^^ ■ the B-type theories which do not depend on the Kahler structure but is sensitive 

^^ I to the deformation of the complex structure on M. Roughly speaking, the mirror 

^5^ ■ symmetry conjecture states that for a suitable Calabi-Yau manifold M, there exists 

Qv I another Calabi-Yau manifold M such that a specific A-type theory on M can be 

Q> ■ identified with a specific i?-type theory on M. For more details, see Yau [Ell. From 

the above stipulation on A-type theories and B-type theories, it is conceivable that 
deformation theories of complex and Kahler (to be more precise, Poisson) structures 

a lead to a B-type theory and an j4-type theory respectively. In physics literature, 

they correspond to the Kodaira-Spencer theory of gravity pi and the theory of 
^ I Kaher gravity respectively p] . 

According to the well-known Deligne's principle: "In characteristic zero a defor- 
. , mation problem is controlled by a differential graded Lie algebra with the property 

j^ ' that quasi-isomorphic differential graded Lie algebras give the same deformation 

theory." We emphasize that for many deformation problems (including the afore- 
mentioned deformation problems on Calabi-Yau manifolds), the controlling differen- 
tial graded Lie algebra (DGLA) is part of a differential Gerstenhaber, Gerstenhaber- 
Batalin-Vilkovisky or Poisson algebra. In other words, by considering suitable ex- 
tended deformation problems, one encounters differential complexes with both a 
multiplicative structure and a Lie bracket which satisfy some compatibility condi- 
tions between them. We will use homological perturbation theory to obtain A^o 
structures on the cohomology groups from the multiplicative structure, and canon- 
ical deformations of these Aoo algebras using the Lie bracket. We formulate mirror 
symmetry as the identifications of the resulting objects from different deformation 
problems. Based on some earlier results in joint work with Cao 07 §i ^j and moti- 
vated by this work, we gave in |10| a discussion of mirror symmetry in term of formal 
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2 JIAN ZHOU 

Frobenius manifold structures by considering the DGBV algebras arising from the 
extended deformation problems of the complex structure and Poisson structure on 
a Calabi-Yau manifold. We will compare that approach with the approach in this 
work in a separate paper. 

Our formulation should be related to but but appears different from Kontsevich's 
homological mirror symmetry. He used Fukaya's A^^ category of a symplectic 
manifold, while we use an Aoc algebra structure on the de Rham cohomology and 
its deformation constructed from the symplectic structure. This has the advantage 
that on the mirror manifold, which presumably is a complex manifold, we has an 
Aao algebra and its deformation constructed in the same fashion. This opens the 
door for establishing the identification by ideas from algebraic topology such as 
quasi-isomorphisms (cf. Cao-Zhou |p|, p^). 

The notion of an A^a algebra was introduced by Stasheff [p6J , while that of an 
Lao algebra first appeared in Schlessinger-Stasheff [|4|. Such algebraic structures 
and their cousins show up in various contexts in string theory. See Table 1 in 
Kimura-Stasheff-Voronov |g5| for a guide to the literature. It is interesting to see 
whether the method of this paper yields the same infinite algebra structures as 
those in the literature by axiomatic approaches to conformal field theories. 

We give a brief sketch of the history of homological perturbation theory here. 
For more details, see Gugenheim-Lambe-Stashcff ^^ and the references therein. 
One of Chen's major contributions was a method of computing the homology of 
the loop space on a manifold by using his famous formal power series connection 
and iterated integrals |l3] . A purely algebraic version of Chen's result was given by 
Gugenheim [^, and connection with A^o algebra was maded by Gugenheim and 
Stasheff [g^ . Then followed much of the recent work on homological perturbation 
theory. There were also independent development in the former Soviet Union. 

This work is inspired by a recent manuscript by Huebschmann and Stasheff 
|24[ where they discussed the use of homological perturbation theory (HPT) in 
obtaining a formal power series connection on a DGLA. There are some major 
difference between the content of this paper and their work. They focused on the 
existence of a formal power series connection while we emphasize the deformations 
obtained from it. Also they established the existence by basic perturbation lemma, 
while we use the obstruction method following Hain [E3| . We use basic perturbation 
lemma only to obtain the deformations of the Aoo or Loo structures. 

The rest of the paper is arranged as follows. It can be naturally divided into 
four parts. In the first part (§1 - §5), we recall the definition of formal power 
series connections (§1), the constructions given by Chen |1^ for DGA's (§2) and 
by Hain [^ for DGLA's (§3), the relationships with A^o algebras and Loo algebras 
respectively (§4) and some basics of homological perturbation theory (§5). In the 
second part (§6 - §9), we apply the methods in the first part to various algebraic 
structures. In the third part (§10 -§12), we discuss some algebraic structures arising 
in various geometric contexts. In the last part (§13), we explain how extended 
deformation problems leads to the algebraic structures discussed in the third part, 
then formulate the A^o mirror symmetry conjecture by the applying the methods 
in the second part. 

Acknowledgement. This work is partially supported by NSF group infra- 
structure grant through the GAT group at Texas A&M University. I thank the 
Mathematics Department and members of the GAT group for hospitality. Special 
thanks are due to Huai-Dong Cao for encouragement and collaboration which leads 
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to this work. I also thank Jim Stashejf for sharing the manuscript [p3, the reading 
of which greatly inspires me. 

2. Formal power series connections 
Throughout this paper, k is a graded comniutative Q-algebra. 

2.1. Differential graded algebras. Let A — X^nez-^'i ^^ ^ Z-graded module 
over k. If ■ : A(^ A ^ A is a k-Unear map such that Am ■ An C Am+n , and 
{a-h) • c = a ■ {b ■ c) for a, 6, c G A, then [A, ■) is called a graded algebra. A module 
map (j) : A ^ Ais called a derivation of degree k if 0(-4„) C An+k for all n £ Z 
and 

(/)(a • b) = (/.(a) • b + (-l)'^'l''la • <j){b), 

for any homogeneous a,b Cz A. A differential is a derivation S of degree 1 such that 
S^ — 0. A differential graded algebra (DGA) is a graded algebra A together with a 
differential S, and its cohomology is H(A,S) — Ker(5/Im(5. The multiplication on 
A induces a multiplication on H{A, S). It is easy to see that this multiplication is 
associative so H{A, S) has an induced structure of a graded algebra. 

2.2. Formal power series connections. For a graded k-module V, let T{V) = 
X]„>o^"(^) be the completion of the graded tensor algebra on V. For elements 

wi, • • • ,Vn G V, we will write vi ■ ■ -Vn for wi lE" ■ ■ • (8) Wn- A formal power series 
connection on a DGA {A, S) is an element in .4 T{V) of the form 

where w^i , ■ ' ' , i'i„ e y, a^^.-.i^ € A and |aH--i„ 1 = 1- l^^n | - • • ■ \v,J (i.e. lu is of 
total degree 1). The multiplication on A and the tensor product on T{V) induce a 
multiplication on A® T(V) by the Koszul convention: 

(avi ■ ■ ■ vm) ■ {(3wi ■ ■ ■ Wn) = {-l)(M+-+MW\{a ■ P)ivi ■ ■ ■ v^w^ ■ ■ ■ w,,). 

Also extend by 

d{avi ■ ■ ■ Vm) = (5a)(wi • • • w™). 
Then it is straightforward to check that 5 is a derivation of {A^T{V), •). We define 
the curvature of a connection lo to be 

n — dUJ + LU ■ LJ. 

Formal power series connections and their curvatures were introduced by Chen 
(see e.g. [|ll[). For our purpose, we have used slightly a different definition of the 
curvatures. 

2.3. Some noncommutative formal deformations. Given a connection us, we 

consider the covariant derivative 6^ : A(^ T{V) ^ A^ T{V) defined by 

d^a ^ da + uj ■ a 

for a G Ai^TiV). Then we have 

D^a = (O + iLj-){da + uj ■ a) = {duj + ui ■ uj) ■ a — Q ■ a. 

When fi = 0, {A^ T{V),'i)^) is a cochain complex. Similarly, if 9 is a differential 
on T{V), then we extend it to yl T(V) by 

d{avi ■ ■ ■ Vn) = (-l)'"'ai9(ui • • • u„), 
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where a £ A, ui,- • • ,u„ G V. Then 9 is a differential on A (E) T{V). Since 
dd + dd^ on Ai^TiV), (d + d)^ = and so {A(S)T{V),d + d) is a chain complex. 
Given a connection uj and a differential d on T{V), {d + O^j)^ = md + duj + uj ■ uj . 
Hence if the latter vanishes, {A T[V), d + J)),^ is a chain complex. 

3. Chen's construction 

3.1. Cohomological splitting. First fix a decomposition A = H (B 5M M, 
such that 7Y C Ker5, the natural map Ti. — > H{A,d) is an isomorphism and d\M 
is injective. Such a decomposition is called a cohomological splitting. Since every 
element a G A can be uniquely written as a = a^ + dxi + X2 for some a^ G A, 
xi, a;2 S M, define Q : A —^ A hy Q{a) — xi. Then we have 

(1 — [D, Q\)a — a — DQa — QOa — a ~ dxi — QX)X2 = a — Dxi — 2:2 = a , 

for all a £ A. As a consequence, if Oa = 0, then a = a^ + DQa. 

3.2. Hodge theory and cohomological splitting. Suppose that a DGA [A, -,0) 
is given a (Euclidean or Hermitian) metric (•, •), such that has a formal adjoint 
t)*, i.e., 

(Da, 6) = (a, 5*6). 

Since O^ = 0, it follows that {V*f = 0. Set Do = 00* + 0*0, and H = KerDo = 
{a£ A: Dga = 0}. Then 7Y == {a : Oa = 0,0*a == 0} = KerOnKerO*. Assume that 
A admits a "Hodge decomposition" : 

yl = H©lmO©ImO*. 

It is standard to see that KerO — Ti ® ImO, and hence iJ(y^, O) = Ti. Note that 
no|imB®imB* is invcrtiblc, denote its inverse by D^^. Define the Green's operator 
G : A—^ A as the composition 

A-^ ImO elmO* — > ImO ©ImO* -^ A, 

where the first arrow is the projection, and the last arrow is the inclusion. Since 
Dfi commutes with and 0* , so does G. For any a £ A, denote its projection to Ti 
by a^ . Then we have 

a-a" = DoGoa = (00* + 0*0)Goa = 00*G£,a + 0*GoOa. 

This gives the Hodge decomposition explicitly. Also if we set M — ImO*, then 
ImO = OA'/ and the Hodge decomposition is a cohomological splitting. In this case, 
we have Q — Xi*Q^. 

3.3. Chen's construction. Recall the following notations: for a graded k-module 
V , sV is the graded k-module which has {sV)n = Ki+i (raising the degree by 1), and 
V^ the dual module of V with its natural grading (e.g. when k is ungraded, elements 
in Hom(H/„,k) has degree —n). Similarly define s~^ . Then (s~^F)* = sV^ . 

Chen [Q inductively constructed a formal power series connection uj £ A® 
T [sTi^). Denote by (jj[n\ the component oi u in A® T"'{sTi'^), 9[„] the derivation 
determined by a map sTi^ -^ T^{sTi*). Set w„ = W[i] + • • • + W[„] and 9[„] = 
d[i] + • • • + d[n]- Choose a homogeneous basis {aj £ Ti}, denote by {X^ £ sTi*} 
the dual basis of {s^^aj}, and / the ideal in T{sTi^) ov A® T{sTi^) generated by 



HOMOLOGICAL PERTURBATION THEORY AND MIRROR SYMMETRY 5 

X^'s. Take w^ij = J2'^j-^^ ^^'^ ^[i] = 0- I^ general, assume that 9„ and a;„ have 
been defined, such that 

dnLOn + duJn + ^n ' W„ = (mod I""'""^), 

set rr„_|_]^i — dnLUn + 5cj„ + uJn ' ^n (mod 7"+^). Thcn niodifymg a calculation m 
Chen |1^, modulo 7"+^, we have 

5r[„+2] = C)(9„W„ + t)U;„ + UJn ■ (^n) = ^OnLOn + f (^n ' ^n) 

= -dn'OuJn + duJn ' tJ„ - LU„ ■ dUJn 

= -dn'OuJn - {dnUJn + ^n ' ^n) ' ^n + W„ • (9cJ„ + Wn • CJ„) 

= -0„5CJ„ - 5„CJ„ • tJ„ + Wn • dnLOn = -9„(0a;„ + LOn ' ^n) = 0. 

This shows r[„+i] e KerO, so if one sets 
then one has 

dn+lLOn+l + OtJ„+i + LOn+1 ' tJ„+i = (mod 7"+^). 

Let d = 9[2] + • • • 9[3] + • • • and to = ^i+ L02 + ■ ■ ■ ■ 

Lemma 3.1. Let n he a positive integer. If d is a derivation ofT(sTi.*) such that 
dl C P , and if bj £ A® T{sTl*) is a formal power seris connection such that 

(a) ijj = ^ajX^ (mod 7), 

(b) dLU + dui+u;-u; = (mod 7"), 

then 

(c) d{duj + dcj + uj ■ uj) = (mod 7"+^), 

(d) 92 = (mod 7"+i). 

Proof. When n — I, the lemma is easily verified. Suppose now n > 1 and the 
lemma holds for n — 1. Then we have 

d{du! + dco + UJ ■ uj) — dduj + liuj ■ uj — uj ■ duj 
= —dduj — [dio + UJ ■ uj) ■ UJ + UJ ■ [duj + UJ ■ uj) (mod 7"'*'"'") 
= -d{Viuj + UJ ■ uj) (mod 7"+1) = a^t^ (mod7"+i). 

Now by induction hypothesis, 9^ = (mod 7"), this implies 

d^uj = Y^ aj(d'^X^) (mod 7"+i). 
Hence we have 

^[duj + ^uj + uj-uj) = Y^ aj{X^d^) (mod 7"+^). 

But the left hand side lies in ImD while the right hand side lies in H, therefore, 
they must both vanish modulo 7"+^. D 

Remark 3.1. Chen's original proof of a version of this lemma ([|ll|. Lemma 1.2.2) 
used his famous transport formula and iterated integrals. Gugenheim p9(| gave an 
algebraic proof. Lemma 3.8 in Hain |g3[ is the DGLA version of this lemma. Here 
we use the DGA version of his proof. 
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4. Differential graded Lie algebra version 

One can also carry out the above discussion for DGLA's. This has been done by 
Hain in his thesis under Chen's supervision (see e.g. p3t). 

4.1. Differential graded Lie algebra. Let £ = ^£„ be a graded k-module, a 
graded Lie algebra structure on £ is a degree zero map [•, •] : £ (g) £ — > £, such that 

K[5,c]] = [K6],c] + (-l)HI''l[5,[a,c]], 

for homogeneous a,b,c d C. A module map : £ — > £ is called a derivation of 
degree k if 4>{Cn) C £n+fe for all n G Z and 

for any homogeneous a,b £ C. In particular, given any homogeneous a G £, 
ada : C ^ C defined by ada(6) = [a, b] is a derivation of degree \a\. A differential is 
a derivation of degree 1 such that 0^ = 0, a differential graded Lie algebra (DGLA) 
is a graded Lie algebra (£, [•, •]) together with a differential d. The cohomology of 
a DGLA (£,[•,•], O) is as usual H{£,S) = KerO/Imc). The Lie bracket [•,•] on £ 
induces a Lie bracket on H{C, S) such that it becomes a graded Lie algebra. 

4.2. Formal power series connections on a DGLA. Given a DGLA (£,[•, •],()) 
and a graded k-module V, a formal power series connection is an element of total 
degree 1 in £ (g) S{V) of the form 

w = ^ "jW* H h ^ aij...i,^Wij • ■ ■ Wi„ H , 

where Vi^,- ■ ■ ,Vi^ £ V and aii...i„ G £. The Lie bracket [•, •] on £ and the sym- 
metric product on SiV) induces a Lie bracket [•, •] on £ S{V) by: 

[aviQ- ■ ■QVm,l3wiQ- ■ -QWn] = (-l)(l'"il+---+l""l)l''l [a, /3](wi0- • -Qv^QwiQ- ■ •0u;„). 

Also extend by d{avi ■ ■ ■ v„i) — {da){vi ■ ■ • w„i). Then (£ S{V), [•, ■],d) is also a 
DGLA. Given a connection w, consider the covariant derivative 5^^ : C ® S{V) —> 
£ S{V) defined by 

duja ^da + [to, a] 
ior a £ A<^ S{V). Then we have 

d4a,(3] = [d^a,f3] + (-1)1"! [a, 0^/3], 

for homogeneous a,(3 £ £ S'(V^). In other words, Oj^ is a derivation of degree 1 
on £ S(V). Furthermore, 

dla = (0 + ad„)(Oa-|- [uj,a]) = [Ow -I- -[w,tj],a] = [ri,a], 

where fl — Duj + ^[lu , ur] is the curvature. Hence if Jl = 0, {£(^ S{V),dcj) is a DGLA 
which can be regarded as a formal deformation of (£, d) as a DGLA. Similarly, if d 
is a differential on S{V), then we extend it to £ S{V) by 

9(ai'i • • • w„) = (-l)l"la9(fi • • • «„), 

where a £ C, vi,- ■ ■ ,Vn £ V. Then 9 is a differential on £ S{V); furthermore, 
[9,0] = on £0S'(y), hence (9-1-5)^ =0. If cj is a formal power series connection, 
then one can consider the derivation d + dui- It is a differential if cud + dLu + ^[oj , ui] = 
0. 
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Following Hian [g^, given a cohomological splitting £ — TiQ)dMQ)M of a DGLA 
(£, [•, -JiO), the construction in Sj3|can be easily modified to obtain a formal power 
series connection w and a differential d on S{sH*) such that w9 + Ow + ^iw, w] = 



0. Note in the proof of DGLA version of Lemma 3.1, one can use the fact that 
[to, [lu, lu]] — for a power series connection. There is no need to invoke the universal 
enveloping algebra as in Hain |2^ . 

5. Relationships with Aco (ioo) algebras and twisting cochains 

5.1. Aoo algebras. An Aoo algebra structure on a graded k-module V = J^^n 
is a sequence of k-module maps to„ : 0"^ -^ V oi degree 2 — n, such that for 

r 

^ ^{-lY^^''''"'^mr(vi,--- ,ms{Vk,--- ,Vk+s-l),--- ,Vn) = 0, 
r+s— n+1 k—1 

where e{k,s,v) = {s + l)k + s{n + \vi\ + ■ ■ ■ + |i;fe_i|). The notion of an Aoo algebra 
was introduced in Stasheff p6[ . It provides a generalization of the notion of a 
graded algebras and the notion of a DGA. Indeed, a graded algebra is equivalent 
to an Aoo algebra with 7tt,„ = for n 7^ 2, a DGA is equivalent to an Aoo algebra 
with rrin ~ for n > 2. 

5.2. Description of Aoo algebra structures by co differentials. There is a 
well-known equivalent description of Aoo structures in terms of codifferentials on 
cotensor coalgebras (the tilde construction in Stasheff [§6|). Recall that a graded 
coalgebra is a graded k-module C — ^ C„ together with a degree map A : C — > 
C ^ C such that the diagram 

C — ^-^ C(E)C 



A 



A«il 



c®c > c®c®c. 

l«iA 

commutes. A coderivation of degree r on a coalgebra (C, A) is a map L : C —<■ C 
of degree r such that the diagram 

L 



c 

A 


7 — ^^-^ C 

A 


Cd 


^\ r' -, c f^ c 


L(^l+l(^L 



commutes. Here we use the Koszul convention, e.g. {l®L){ci®C2) = (— l)''^"'^^'ci(8) 
L(c2), for ci, C2 G C. A codijferential is a coderivation b of degree 1 such that b^ = 0. 
For a graded k-module W, the cotensor coalgebra on W is the graded k-module 
T^iW) = J2 W^" together with the comultiphcation 

n 
A{wi (g) • • • (g) Wn) = ^(Wl ® • • • (g) Wi) (g) {Wi+i ® • • • (g) Wn), 
i=0 

for wi,- ■ ■ , w„ e W. A coderivation L : T'^{W) -^ T''(W) is uniquely determined 
by its composition with the projection n : T''{W) — > W. Indeed, denote by L[„i 
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the restriction to T"-{W) oi no L, for simplicity, we assume L^p] = Oj i-^-, ^(1) — 0, 
then 

L{wi (g) • • • ® Wn) 

n n — i 

1=1 J=l 

for wi, ■ ■ ■ , Wn € M^- Furthermore, if L is a coderivation of odd degree with i[o] = 
on T'^iW), then L^ is a coderivation of even degree, and 

iL'^)[n]{wi «1 •••(X)W„) 
r 

r+s— n+l fc— 1 

Given a sequence of k- module maps {rrin : y^" ^ V^} of degrees 2 — n on y , define 
a coderivation b of degree 1 on T'^{s^^V) by 

(This is taken from Getzlcr- Jones jl^l, Proposition 1.3. Unfortunately, they in- 
cluded an extra k{k — l)/2 by mistake.) Then 6^ = if and only if {r7i„} is an Aoc 
algebra structure on V. 

5.3. Description of Aoo algebra structures by diflferentials. Denote by (0, w) 
the pairing of an element (j> G W* with an element w G W. Define the pairing 
between (Ty*)»" and W^" by 

(01 ® • • • ® 0", wi ® • • • ® w„) = (-l)E?=i'£I-=.+i l'"^ll^'l(0i, wi) . . . (0",ii;„), 

where <j>^,- ■ ■ ,(f>" G W* , wi, • • • ,Wn E W. There is an one-to-one correspondence 
between EndT(VF*) and EndT(VF) given by / i-^ /*, where / e EndT(VF), /* G 
EndT(W^*) is defined by 

(r(a),X) = (-l)l/IH(a,/(X)), 

where a G T{W*') and X G T{W). It is straightforward to see that a derivation 
of degree k on T(W) correspond to a derivation of degree k on T(VF*). Hence, 
there is a one-to-one correspondence between the A^o algebra structures on V with 
differentials on T{{s-'^Vy) = T{sV*). In particular, the differential d on T{sn*) 
constructed in §|| corresponds to an A^o algebra structure on Ti hence on H{A,d). 

Example 5.1. Given any closed connected oriented smooth manifold X, the de 
Rham algebra is the DGA {il*{X),A,d). Its cohomology H*{X) is the de Rham 
cohomology of X . When X is endowed with a Riemannian metric and an orienta- 
tion, the classical Hodge theory provides the Hodge decomposition 

D:{X) =7^®Imd®Imd*. 

Then by §y, we get an Aoo algebra structure on H*{X). 
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5.4. Twisting cochains. If C is a graded coalgebra with a differential b, and A 
is a DGA with differential d, a twisting cochain is a k-module map t : C ^ A 
of degree 1 such that rb + dr = t U t. Here we have used the cup product U : 
Hom(C, A) (g) Hom(C, A) -^ Hom(C, A) defined by 

fUg = mif(g,g)A, 

for f,g^ Hoin(C, A), where m denotes the multiplication on A. It is clear that the 
formal power series connection constructed in ^ corresponds to a twisting cochain 

T:iT-is-^H*iA,S)),b)^{A,S). 

5.5. Lao algebras. Recall that a (A:,n)-shuffle is a permutation a which preserves 
the order of the sets {1, • • • ,k} and {fc + 1, • • • ,n} in the sense that whenever 
cr(r) < a{s) < k OT k + 1 < <j{r) < cr(s), then r < s. A (fc, n)-unshu01e is the 
inverse of an (fc,n)-shuffle, i.e. it is a permutation a of {1,2,- ■ • ,n} such that 
cr(l) < • • • < a{k) and cr(fc + 1) < • • • < a{Ti). Denote by Sh^{k,n) the set of aU 
(fc, n)-unshuffles. 

An Loo algebra structure on a graded k-module 1^ = ^ T/J^ is a sequence of 
graded anti-symmetric k-module maps /„ : (8)"F — > ^ of degree 2 — n, such that 
for ui, • • • ,Vn €V, 

r+s=n+l <7eSh"{s,n) 

where (—1)'^ is the sign of the permutation a, and eic^v) is determined by the 
Koszul convention. The notion of an Loo algebra first appeared in Schlesinger- 
Stasheff [Q . It provides a generalization of the notion of a graded Lie algebra and 
the notion of a DGLA. Indeed, a graded Lie algebra is equivalent to an Loo algebra 
with In — for n 7^ 2, a DGLA is equivalent to an Loo algebra with Z„ = for 
n> 2. 



5.6. Description of Loc algebra structures by codifferentials and differen- 
tials. For a graded k-module W, the free cocommutative coalgebra cogenerated by 
W is the graded k-module 5* {W) — J2 S^^{W) together with the comultiplication 

A*(wi Q---QWn) 
n 

= Y. Y. (-l)'^'''"'-'(^"T(l)0---©U'<T(i))®K(^+l)0---0U'a(n)), 

for wi,- ■ ■ ,Wn G W. A coderivation L : 5* (W) — > S (W) is uniquely determined 
by its composition with the projection n : S {W) — > W. Indeed, denote by L[„] 
the restriction to S"-{W) of ttoL, for simplicity, we assume L[o] = 0, i.e., L(l) — 0, 
then 

L{wi • • • Wn) 
n 

= Y Y (~1)'^'^''"''-^h(^<t(1),--- ,U'CT(i))©W<^(i+l) ©•••©U'CT(n), 

s=i CTeS/i"(s,«) 
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for wi, ■ ■ ■ , Wn € W . Furthermore, if L is a coderivation of odd degree with LtQi = 
on T''{W), then L^ is a coderivation of even degree, and 

r+s=n+l aeSh^is.n) 
L[r]iL[s]iw„(^l),- ■■ ,'U'CT(s)),W;cr(s+l), • • • j'" ^^^(n)). 

Given a sequence of graded anti-symmetric k-module maps {Z„ : V^"' — > y} of 
degrees 2 — n on T^, each /„ can be regarded as a map of degree 1 from (s^^V)^"' 
to s~^V, where as usual s~^V is the graded k-module which has {s^^V)n — ^+i- 
Define a coderivation b of degree 1 on S* {s~^V) by 

Then each map bj^.] is symmetric on {s~^V)^"' (cf. Penkava |g^)- Furthermore, 
6^ = if and only if {/„} is an Loo algebra structure on V . Dualizing, one sees that 
an Loo algebra structure on y corresponds to a differential on 5((s^^V^)*) = S{sV'^). 

6. HOMOLOGICAL PERTURBATION THEORY 

Chen's work inspired the obstruction method in homological perturbation theory. 
Another important inspiration is the basic perturbation lemma which first occurred 
in Brown [^ and independently in Gugenheim [Q . Both authors were inspired by 
Shih ||. 

6.1. SDR data. Suppose that we are given two chain complexes (M, djv/) and 
{A,dA), chain maps V : Af ^ A, / : A — > M and a chain homotopy (f> : A ^ A 
such that 

(1) /V = idM, 

(2) Vf = idA + dA(j} + <j)dA- 

All this information is called an SDR data, and denoted by 

V 

M ^ A, 
f 

Given an SDR data, one can adjust (f) such that the following additional conditions 
are also satisfied (Lambc and Stasheff [pOf): 

</.V = 0, /(/. = 0, </.2 = 0. 

For example, suppose that we have a cochain complex [A, O) and a cohomological 
sphtting A ^ Ti ® dM ® M, then we take A = A, M = 7Y, V the inclusion, / 
the projection and = ~Q. This gives an SDR which satisfies the additional 
conditions. We will need the following: 

Theorem 6.1. (Gugenheim and Stasheff |22| J Given an SDR data 

V 

M ^ A, 
f 

with A a DGA, there exist two maps of degree —1, d : T'^[sM) —> T'^{sM) and 
T : T'^(sM) — > A, such that d is a coderivation on T'^{AI) such that d^ — 0, and t 
is a twisting cochain, i.e. t9 + Or = r U r. 

This can be proved by the obstruction method, but a delicate filtration is required 
to carry out the induction. 



HOMOLOGICAL PERTURBATION THEORY AND MIRROR SYMMETRY 11 

6.2. Basic perturbation lemma. The setup for basic perturbation lemma is as 
follows. Given SDR-data 

{M,dM)^{N,dN),(t) 

and a new differential Vn on N , one seeks for a new SDR-data 

/oo 

Again, this is achieved inductively. Let t = V^ — D^v , and call it the initiator. For 
n > 0, construct sequences {V„}, {/«}, {2?a/„} and {ipn} inductively by 

V„+l = r„V, fn+l = fSn, 

^M„ = I'm + f^n^, 4>n = 4>Sn, 

where 

tn+i — {t4>)"'t, S„ = fi + • ■ ■ + f„, 

s„ = 1 + E„(/), r„ = 1 + (j)J^n- 

Assume that there are complete filtrations on M and N such that V, /, 9 and (f> 
preserve the filtrations and t lowers the filtration, then the relevant sequences con- 
verge and one obtains a new SDR. A surprising fact is that the above construction 
actually preserves the algebra or coalgebra structure. See Gugenheim, Lambe and 
Stasheff [g^ gl[ for details. 

7. Applications to DGA's and DGLA's 

Given a DGA {A, •, O) with a cohomological splitting A = 7i03M0M, one gets 
an SDR-data 

(3) ({n,0)^{A,l>), 

with V the inclusion, / the projection and (f> ~ ~Q. Tensoring with T(s7i* 
gets a new SDR-data 

(4) UH ® T{sn' ),0)^{A® T{sn* ) , 5) 

From the algebra structure on A, one obtains a derivation 9° on r(s7i*) and a 
connection uj" & A(E) T{sTL*) such that 9°w'' -I- Ow" -I- w"" • w" = 0. Consider the 
perturbation of by i) -I- 9, we regard it as a noncommutative formal deformation 
of 0, then by basic perturbation lemma, one gets a new SDR-data 

in®T{sH'),V) ^ {A(g)T{sn'),'Q + d),(l)o 

Joe 

Since on the right we have a DGA, one can repeat the process. This gives us 
a derivation 9°° on T{s{Ti ^ T(s7i*))*), which we regard as a noncommutative 
formal deformation of 9°. In other words, 9° gives an A^o algebra structure on 
Ti, 9"° gives a noncommutative formal deformation of this structure. One can 
repeat this process for as many times as one wishes. One can also can consider the 
perturbations Du," and 9° -I- (J^j", however, these are not derivations. 

One can do the same things for a DGLA to obtain (graded) formal deformations. 
Also one can use Ji^l and 9^ -I- ^^l since they are also derivations. 
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8. Differential Poisson algebra 

Recall that a graded Poisson algebra structure on a graded k-module consists of 
a multiplication ■ : A(^ A and a Lie bracket [•, •] : A (^ A ^ A, such that (A, •) is 
a graded associative algebra (we do not assume that the multiplication is graded 
commutative), (.4, [•,•]) is a graded Lie algebra, and for homogeneous a,b,c £ A, 
we have 

[a,b-c] = [a,6]-c+(-l)l"ll''l6-[a,c], 

i.e., for any homogeneous a ^ A, ada = [a, •] : y^ ^ .4 is a derivation of degree \a\ of 
{A, •)• A derivation of degree A; on a Poisson algebra {A, •, [•, •]) is a map d : A^ A 
of degree k such that it is a derivation for both {A, •) and {A, [•,•])■ As usual, a 
differential is a derivation D of degree 1 such that d^ — 0. A Poisson algebra with 
a differential is called a differential Poisson algebra. 

There are variants to the discussions in §R for a differential Poisson algebra. 
Suppose that we are given a differential Poisson algebra {A, •, [•,•], 5) and a coho- 
mological splitting A = T-i® OAf M, or equivalently, we have an SDR-data 

(5) ("(^,0)^(^5), 

with V the inclusion, / the projection and (j) — —Q. Then using the associative 
algebra structure on A, we obtain a differential d'^ on T(s7i*) and a connection 
w" e A®T{sT-L'') such that d°'u)°-+'i)Lo°' + u)°--u)^ — 0; using the Lie algebra structure 
on A, we obtain a differential d^ on S{sH*-) and a connection w^ e ^ (8) S{sTi*) 
such that cj-'^c'^ +5lj^ + i[a;^,t^-^] = 0. Tensoring with 'S{sH*), we get from (|) an 
SDR-data 

(6) Un ® 's{sn'), o)^{A(g> ^(sH*), 5) 

Now + 9^ + ad(^t is a differential for the multiplicative structure on A® S{s'H*), 
it is a formal deformation of the differential t). With t = d^ + ad^L as an initiator, 
the basic perturbation lemma yields a new SDR-data 

{n(g)S{sn'),v) T^ {A(g)S{sn'),d),(t)o 

/oo 

which gives a differential d"-^ on T{{s{H (g) S{sH*)))*). In other words, 9° gives 
an Aoo algebra structure on H, d°'^ gives a formal deformation of this Aoa algebra 
structure. Similarly, since + 9^ is also a derivation, we can also use d^ as the 
initiator. 

9. Differential Gerstenhaber algebra 

Recall that a Gerstenhaber algebra (or simply G-algebra) structure on a graded 
k-module A consists of an associative multiplication • (again we do not assume that 
the multiplication is graded commutative), and a Lie algebra structure [• • •] on sA^ 
such that for homogeneous a,b,c Cz A, we have 

[am{b-c)] = [amb]-c+ (-l)(l°l-i)l^lfe . [a • c], 

i.e., for any homogeneous a & A, ada = [«••] : .4 ^ ^ is a derivation of degree |a| — 1 
of {A, •)• A derivation of degree fc on a Gerstenhaber algebra {A, •, [• • •]) is a map 
D : A^ Aoi degree k such that it is a derivation for both {A, •) and {sA, [•••])• As 
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usual, a differential is a derivation of degree 1 such that 0^ = 0. A Gerstenhaber 
algebra with a differential is called a differential Gerstenhaber algebra. 

Suppose that we are given a differential Gerstenhaber algebra {A, ■, [■ • •],i') and 
a cohomological splitting A = Ti(B ^M ® M, we can proceed as in §|[ We have an 
SDR-data 

(7) ^(^,0)^(^5), 

with V the inclusion, / the projection and (j) — —Q- Using the associative algebra 
structure on A, we obtain a differential 9" on T{s'H*); using the Lie algebra struc- 
ture on sA, we obtain a differential d^ on S{s'H*) and a connection uj^ £ A^S{sT-i*) 
such that uj^d^ +'Ouj^ + ^[uj^,uj^] = 0. Tensoring with S{sH*), we get from (|) an 
SDR-data 

(8) Un® SisTi'), 0)^{A® Sisn'),d),(t) 

Now 0-1-9^-1- ad^L is a differential for the multiphcative structure on A(^ SlsH'^), 
it is a formal deformation of the differential 5. With t = d^ + ad^L as an initiator, 
the basic perturbation lemma yields a new SDR-data 

in®S{sH*),V) ^ {A(g)S{sH*),d),(l)o 

which gives a differential d"^^ on T{{s{H (g) S{sH*)))*). In other words, 9° gives 
an Aao algebra structure on 7i, 9°-^ gives a formal deformation of this A^o algebra 
structure. 

10. (Differential) Gerstenhaber-Batalin-Vilkovisky algebras 

One interesting way to obtain G-algebras is to start with a graded commutative 
algebra with unit (.4, A) and an odd operator A on it such that A^ = 0. Set 

(9) [a . 6]a = (-1)'"' (A(a A 5) - Aa A 6 - (-l)l"la A A6), 
for homogeneous a,b G A. It can be shown that if 

[a . (6 A c)]a = [a • 6]a a c + (-l)(l°l-i)l''lfe A [a • c]a, 

for homogeneous a,b,c €z A, then one has 

[a . [6 . c]a]a = [[a • 6]a • c]a + (-l)(l'^l-i)(l^l-i)[6 . [a . c]a]a, 

i.e., {A, A, [•••]a) is a G-algebra. The tuple (^, A, A, [•••]a) is called a Gerstenhaber- 
Batalin-Vilkovisky (GBV) algebra. Given such an algebra, one easily sees that 

A[a . 6]a = [Aa • 6]a + i~l)^''^-^[a • A6]a, 

i.e. (.A[l], A, [• • -Ja) is a DGLA. However, by (^, [• • -Ja induces the trivial bracket 
onH{A,A). 

A differential Gerstenhaber- Batalin- Vilkovisky (DGBV) algebra is a GBV algebra 
(^, A, A, [• • -Ja) together with a derivation i) of odd degree with respect to A, such 
that 3^ — [t),A] — 0. It then follows that is also a derivation with respect to 
[• • -Ja such that (^, A,(), [• • -Ja) is a differential G-algebra. Then one can apply 
the constructions in §g. 
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11. GBV ALGEBRA STRUCTURE ON THE SPACE OF POLYVECTOR FIELDS 

Denote by n^*{X) — r(X,A*TX) the space of polyvector fields on X. As 
Q,*{X), n^*{X) has a wedge product A which makes it a graded commutative 
associative algebra with unit. The Schouten-Nijenhuis bracket [•,-]s '■ Q~*{X) x 
f2~*(X) -^ J7~*(X) is characterized by the following properties: 

(i) for all V £ ft^*{X), the endomorphism ady : u ^ [V, u]s is the Lie derivative 

of the vector field V, 
(ii) if u e n-P{X) a.ndven-i{X), then we have 

(iii) if u e rt^*{X), adti is a derivation of degree p— 1 of the algebra {n^*{X),A). 
There are two ways to obtain DGBV algebra structures on n^*{M). Given any tor- 
sion free connection V on TX, Koszul [g8| defined a generalized divergence operator 
A = — J27=i '-e'Vei, where {ei, • • • , e„} is a local frame of TX, and {e^, • • • , e"} is 
the dual frame. He proved 

(10) A^ = 0, 

(11) [u,v]s = (-1)I"I(A(mAw)- AuAt;-(-l)l"lwAAt;), 

for homogeneous u,v e ri"*(X). I.e., (r2~*(X), A, A, [•, -Js) is a GBV algebra. 
Witten Efl observed the following: given an volume element vol € 17" (M), let Avoi 
be the conjugation of d on il"^*(M) by the isomorphism n^*{M) -^ n"~*{M) 
induced from vol, then Avoi satisifes (nO[) and (pi]), hence inducing a GBV algebra 
structure. If one takes a torsion free connection which preserves the volume form, 
then it is easy to see that Avoi = A for this connection. 

Let g be a Riemannian metric on X, then the Levi-Civita connection is torsion 
free. The metric give an isomorphism b : ri~*(X) = n*{X) (and its inverse jj). 
If {ei} is a local orthonormal frame of TX and {e'} is the dual frame, then b is 
obtained by extending e^ '—^ e*. Furthermore, if V is the Levi-Civita connection, 
from the well-know formulas 

n n 

i=l 2=1 

we get Au — {d*u^)K When M is endowed with an orientation, the Riemannian 
metric defined a volume form dvolg. Using this volume form, one can define the iso- 
morphism bvoi : ri~*(X) -^ n"'~*{X) given by the contraction with dvol^. Denote 
its inverse by jJvoi, then it is straightforward to see that Au — (dw''™')''™!. 

12. DGBV ALGEBRAS FROM POISSON AND SYMPLECTIC MANIFOLDS 

12.1. DGBV algebras from Poisson manifolds. A Poisson structure is an 
elment w G n~'^{X) such that [w,w]s — 0. Given a Poisson structure w, ad^ 
is a differential on i^~*{X) and [A,adtt,] = adAii.. Therefore, if Aw = 0, then 
(ri^*(Ar), A, ad^. A, [•, -Js) is a DGBV algebra. This condition can be satisfied 
when w is regular, i.e., when regarded as a family of anti-symmetric matrices on 
M", w has constant rank. It is well-known that a regular Poisson manifold admits a 
torsion free connection V such that Vw = 0. Such a connection is called a Poisson 
connection. 

Given a Riemannian metric on X, one can use the isomorphism b : fl^*{X) -^ 
il*{X) to transform the DGBV algebra structure on il^*{X) to a DGBV algebra 
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structure on Cl*(X). If the torsion free connection V is the Levi-Civita connection, 
then A corresponds to d* on Q*{X). This shows that (ri*(M), A, d*, [• • -Jd-) is 
a GBV algebra. One can prove this by two other method, one is by the local 
expression as in Cao-Zhou [0, |8), the other is to notice that if X is oriented, the 
Riemannian metric determines a volume form volg, then Avoi is conjugate with d* 
byb. 

There is another important construction of DGBV algebra structure on fl* {X) of 
a Poisson manifold {X,w). Let A — [iu,,d] (Koszul [^), then {i}*{X),A,d,A, [■ • 
•]a) is a DGBV algebra. This DGBV algebra has a very special property. If 
a, /3 e rj* {X) are closed, then 

[a • /3]a = (-l)l"l~^d(t^(a A (3) - LyjU A P - a A l^i3), 

hence [• • -Ja induces the zero bracket on H*{M). 

12.2. DGBV algebras from symplectic manifolds. A symplectic structure on 
X is a closed 2-form tu nondegenerate in the sense that lu induces an isomorphism 
b^ : T^X -> T*X defined by 1/ ^^ u{V, •), for any x e X,V e T^X, with inverse 
btj. Extend \>^ and jji^ on isomorphisms between V,*{X) and n~*{X). Then oj^'^ € 
f2~^(X) is a Poisson structure. One can verify this by Darboux theorem. As 
a Poisson manifold, a symplectic manifold has the DGBV algebra structures on 
n~*{X) and n*{X) discussed above. A special feature is that da = [uj • a] a. 

13. DGBV ALGEBRAS FROM COMPLEX GEOMETRY 

13.1. Differential G-algebras from complex manifolds. Given a complex n- 
manifold M, denote by TcX the complex tangent bundle. We have the following 
decomposition: 

n-*{X)(g>C = n-*'-*{X)= Y^ n~P^-''{X)^ ^ T{M,APT^X(g)A''TcX). 

p,q>0 P-q^O 

It is a complex G-algebra. From [n-^'°{X),n-^-°{X)] C n-^-"{X), one sees that 
fi~*'°(X) is G-subalgebra of n^*'^*{X). Using local complex coordinates, it is 
easy to see that the Schouten-Nijenhuis bracket on f7^*'"(A') can be extended to a 
G-algebra structure on f}-*'*(X) = T{X,A*TcX(E)A*tIx). Since n~*'*{X) is the 
space of (0, *)-forms on the holomorphic vector bundle A*TcX, there is a naturally 
defined differential d on it. This makes n^*'*{X) a differential G-algebra. 

13.2. DGBV algebras from Calabi-Yau manifolds. If fJ is a nonvanishing 
section of n-"^°{X), it defines an isomorphism n^*'*{X) -> n"~*'*{X). Let A : 
Q~*'*{X) —^ n^'-*^^''*{X) be the conjugation of d by this isomorphism, then A 
gives a GBV algebra structure on n~*'*{X). If B^ = 0, then we have BA + AB = 0. 
Hence {il^*'*{M),A,d,A, [•, •]) is a DGBV algebra if fJ is a holomorphic volume 
form. Recall that a Calabi-Yau manifold admits a parallel holomorphic volume 
form. Such a construction of the operator A appeared in Tian [kTI and Todorov 



38 1 in the study of deformations of Calabi-Yau manifolds. The relationship of A 
with the Schouten-Nijenhuis bracket on 0~*'*(Af) was revealed by a formula Tian 
proved. These results actually appeared before Witten's observation in the real 
case 1 40 which we mentioned in §0. 
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13.3. Differential Poisson algebras from holomorphic vector bundles. Let 

TT : E -^ X he a holomorphic vector bundle on a complex manifold X. Since 
each fiber of EndE' is a (noncommutative) Poisson algebra, one gets a graded 
Poisson algebra structure on ri°'*(X, End_E), while the differential ^EndB makes it 
a differential Poisson algebra. Similarly for fl*'*{X,EiidE) and fl~*'*{X,EndE). 

13.4. DGBV algebras from Kahler manifolds. A Kahler manifold X is auto- 
matically a symplectic manifold, hence it one can obtain DGBV algebras from it as 
for a symplectic manifold. Moreover, as discovered in Cao-Zhou M, the type decom- 
position and the Kahler identities enable one to define two more DGBV algebras: 

{n*'*ix),A,d,-V^d*,[- • ■]^^g,) and in*'*ix),A,d,V^d*.,[- > ■]^^g,). 

14. Aoo ALGEBRAIC MIRROR SYMMETRY 

As in Kontsevich [p7| , we consider the mirror pair consists of a closed complex 
manifold X and a closed symplectic manifold X. The deformations of the complex 
structure on X is described by the Maurer-Cartan equation (see e.g. Kuranishi 
|29|) 

9r + i[r,r]s-o, 

for r G n^^''^{X). We refer to the problem of solving this equation with F G 
il^*'*{X) as the extended deformation problem of the complex structures. This 
leads us to the differential G-algebra {fl~*'*{X),A,d,[-,-]s)- Given a Hermitian 
metric, Hodge theory provides a cohomological splitting of il^*'*{X) (§?), hence 
by §^ one obtains an Aoo algebra structure and a canonically defined formal defor- 
mation of this Aoo algebra structure on H~*'*{X). The symplectic structure on X 
determines a Poisson structure w G il^'^{X), if w + 7 is another Poisson structure, 
then from [w + j,w+j]s = one gets [it;,7]s + ^[7,7]5' = 0. Using the isomorphism 
n~*{X) -^ n*{X), one also gets a Maurer-Cartan equation 

dp-f i[r.r]A = o, 

where P G ^'^(X). We refer to the problem of solving this equation with P G il* (X) 
as the extended deformation problem of the Poisson structures. This leads us to the 
DGBV algebra (51* (AT, C), A, d, A, [• • -Ja). Given a compatible Riemannian metric 
on X, one then obtains an Aoo algebra structure and a canonically defined formal 
deformation of this Aoo algebra structure on H*{X, C). The Aoo mirror symmetry 
means the existence of isomorphisms of the above two Aoo algebras together with 
their canonically defined formal deformations. 

If one considers topological open string theories, then one encounters the defor- 
mation theories of Lagrangian submanifolds in symplectic manifolds and holomor- 
phic vector bundles on complex manifolds for A-vaodel and i3-model respectively. 
(See e.g. Kontsevich [E^ and Vafa pOl.) If _E is a holomorphic vector bundle on X, 
the deformations of the holomorphic bundle structure on E is described by solving 
the following Maurer-Cartan equation: 

9E„d£r+2[r,r] = o, 

where P G 17°^^ (A", End -E). We refer to the problem of find solutions with P in 
fi"'*(X,End£') or Vi* '* {X .Y^nd E) or 17"*'*(X,End£') as the extended deformation 
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problem of the holomorphic bundle structure. On these spaces we have differential 
Poisson algebra structures. Using a Hermitian metric on E^ Hodge theory provides 
the cohomological splittings, hence by §|2[ one obtains Aao algebra structures and 
canonically defined deformations on the the corresponding cohomology groups. We 
conjecture that the similar constructions can be found for extended deformation 
problems of (special) Lagrangian submanifolds so that one can formulate an A^o 
algebraic mirror symmetry conjecture as above. It is interesting to examine other 
deformation problems in differential geometry and algebraic geometry in the same 
fashion. 

We will compare the Aoo mirror symmetry for Calabi-Yau manifold with the 
mirror symmetry formulated in terms of formal Frobenius manifolds in Cao-Zhou 
!?[ in a separate paper. 
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